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The purpose of this talk is to develop the following 3 ideas:

O A large class of linear functional systems can be studied by
means of a non-commutative polynomial approach over skew
polynomial rings and Ore algebras of functional operators.

Non-commutative Grobner bases = constructive approach.

@ Algebraic analysis is a natural mathematical framework for the
intrinsic study of linear systems theory (module theory).

© Constructive homological algebra allows us to develop
algorithms and symbolic packages dedicated to the study of
the structural properties of multidimensional linear systems.
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Matrices of differential operators

e Newton: Fluxion calculus (1666) (“dot-age")
x1(t) + axi(t) — au(t) =0,
{ % (t) + axa(t) — au(t) =0,

e Leibniz: Infinitesimal calculus (1676) (“d-ism")

a=g/l

9 L ax(t) — au(t) =0,

d? XQ(

t 4 ax(t) —au(t) =0.
e Boole: Operational calculus (1859-60)

d2 Xl(t)
ac 0 —
( dt2 + « d2 « > X2(t) = 0
0 gz Ta —o u(t)
= Ring of differential operators D = Q(«) [%]2

n

d\’ d\' _d d _d
Sa (&) €D, aeQ), (a) ~ @ d ar

i=0
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Functional operators

e Differential operators: (ijo bj(t) C%) (27:0 aj(t) %)

d d da

—(ay)=a—y+|— = ia =a— -+
de YT g dt ) ¥ N

e Shift operators: d a(t) = a(t — h), oa, = ant1.
d(a(t)y(t))=a(t—h)y(t—h)=dady = da-=(da)d-
o(anyn) =apnyiyny1=0cacy = oca-=(ca)o-

e Difference operators: A a(x) = a(x + 1) — a(x).
Aa(x)-=a(x+1)A -+(Aa)-
a(x)=alx)

X—X0

dXo a(X) C = a(XO) dXo ’ Jr(dXo a) ’

e Divided difference operators: dy,a(x) =

e g-difference, g-shift, g-dilation, Frobenius, Euler operators... .
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Skew polynomial rings (Ore, 1933)

e Definition: A skew polynomial ring A[9; «, 3] is a non-com-
mutative polynomial ring in 9 with coefficients in A satisfying

VacA, ‘f)a:a(a)aJpﬁ(a)‘

where : A — A and 3 : A — A are such that:

a(l) =1,

B(a+ b) = p(a) + 4(b),
a(a+ b) = a(a) + a(b), { ) e .
Oé(ab):(y(a)a(b)’ 6( b) ( )/B(b)+ﬂ( )b

e P € A[9; 3] has a unique form P = Y7 2,0, a; € A.
@ Ring of differential operators: A [8; id, %].
@ Ring of shift operators: A[9; 4, 0], A[9;0,0].
e Ring of difference operators: A[9; T, 7 —id], Ta(x) = a(x + 1).
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Ore algebras (Chyzak-Salvy, 1996)

e We can iterate skew polynomial rings to get Ore extensions:

‘ Al01; a1, B1] - - - [On; an, Bl

e Definition: An Ore extension A[01; a1, (1] ... [On; an, Bn] is called
an Ore algebras if the 9;'s commute, i.e., if we have

and the a;|,’s and §3;|,'s commute for i # j.

@ Ring of differential operators: A [al;id, 8%1} [6,,; id, 8%"].

@ Ring of differential delay operators: A [81; id, %] [02;6,0].
@ Ring of shift operators: A[01;01,0]...[0n; on,0].
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Matrix of functional operators

e The wind tunnel model (Manitius, IEEE TAC 84):

x1(t) + axi(t) — kaxa(t — h) =0,
Xz(t) — X3(t) =0, (*)
x3(t) + w? xo(t) +2Cwxs(t) — w? u(t) = 0.

e We introduce the commutative Ore algebra:
d
D= Q(a7 k7w7 C) |:811 1d7 dt:| [821 57 0]

e The system (x) can be rewritten as:

t
Oir+a —kad 0 0 Xlgt;
X
0 o -1 0 Z(t) = 0.
X
0 w? O +2¢w —w? ’
u(t)
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Matrix of functional operators

e Linearization of the Navier-Stokes ~ a parabolic Poiseuille profile

Orun+4y(L—y)oeun —4Qy —1)u — 5 (B2 +02)u1 + 0 p =0,
Oetn+4y(1—y) Oy — 4 (024 02) uy + 9, p =0, (%)
Oxup + 0y up = 0. (e.g., Vazquez-Krstic, IEEE TAC 07)

e Let us introduce the so-called Weyl algebra (0x x = x 0x + 1):

0 o )
D = Q(Re)[t, x, y] [Bt;id, m} [8X;id, (9)(} [Gy;id, 8y] _

e The system (x) is defined by the matrix of PD operators:

Oe+4y(1l—y)oi— & (2 +0}) —4(2y —1) O
0 3t+4y(1—y)ax—%e(83+8§) 9y
O d, 0
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Non-commutative Grobner bases

o Let D = A[01; a1, 51] - .. [Om; @m, Bm] be an Ore algebra.

e Theorem: (Kredel, 93) Let A = k[x1,...,xn] a commutative
polynomial ring (k = Q, F,) and D an Ore algebra satisfying

ai(x) = ajjxj + by, Bi() = cij,
for certain 0 # ajj € k, bjj € k, cjj € A and deg(cjj) < 1. Then, a
non-commutative version of Buchberger's algorithm terminates for

any term order and its result is a Grobner basis.

e Implementation in the Maple package Ore_algebra (Chyzak)
(Singular, Macaulay 2, NCAlgebra, JanetOre. . .).

e Grobner bases can be used to effectively compute over D.
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Algebraic analysis

e Let D be an Ore algebra and R € D9*P.
e Let us consider the left D-morphism (i.e., D-linear application):
pixa _R, pixp
A=(A1...g) — AR.

e We introduce the finitely presented left D-module:

|M = DY /imp(.R) = D*P /(D9 R).

e M is formed by the equivalence classes (1) of € D*P for the
equivalence relation ~ on D*P:

U1~ g2 = I\ e D9 p1=p2 +AR & ul—,uzeDquR.
@ Number theory: C = R[x]/(x? + 1), Z[iv5] = Z[x]/(x? +5).

@ Algebraic geometry: Clx,y]/(x*> + y?> —1,x — y).



Linear systems of equations

o M = D'P/(D¥*9 R) can be defined by generators and relations:
o Let {fi}x=1,.p the standard basis of D¥P (fi, = (0...1...0)).
e Let 7 : DY¥P — M be the D-morphism sending 1 to ().

VmeM, 3p=(m...pp) €DVP: m=m(u)=> (),
= {yk = 7(f) }k=1,... p is a family of generators of M.

p
m((Rin ... Rip)) (Z Ri fk) = > Ruyk=0, I=1,...,q,
k=1

=y =(y1...yp)" satisfies the relation Ry = 0.
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Duality modules — systems

o Let F be a left D-module
Vh, heF, Vd,deD: dfi+dfhelF,
and homp(M, F) the abelian group:
homp(M, F) ={f : M — F|f(dv m + do my) = dy f(m1) + db f(my)}.

e Theorem (Malgrange):

‘homD (M, F) = kerg(R )—{7765’:”\/?7]—0}‘

e homp(M, F) intrinsically characterizes the system kerz(R.) as it
does not depend on the embedding of kerz(R.) into FP.

e We assume that F is an injective cogenerator left D-module

= study of the system homp(M, F) by means of properties of M.
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Module theory

e Definition: 1. M is free if 3 r € Z4 such that M = D",

2. M is projective if 3 r € Z, and a D-module P such that:
Mo P=D"

3. M is reflexive if &: M — homp(homp(M, D), D) is an
isomorphism, where:

e(m)(f)=f(m), YmeM, f&homp(M,D).
4. M is torsion-free if:
t(M)={meM|30#PecD:Pm=0}=0.

5. M is torsion if t(M) = M.
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Classification of modules

e Theorem: 1. We have the following implications:
free = projective = reflexive = torsion-free.
2. If D is a principal domain (e.g., K [8; id, %}), then:
torsion-free = free.
3. If D is a hereditary ring (e.g., Q[t] [9;id, %]), then:
torsion-free = projective.
4. 1f D = k[x1,...,x,] and k a field, then:
projective = free  (Quillen-Suslin theorem).
4. If D = A,(k) or By(k), k is a field of characteristic 0, then
projective = free  (Stafford theorem),

for modules of rank at least 2.

Alban Quadrat New perspectives in algebraic systems theory



Dictionary systems — modules

Module Structural properties Stabilization problems
M ker =(R.) Optimal control
Torsion Autonomous system

Poles/zeros classifications

With torsion Existence of autonomous elements
No autonomous elements, Variational problem
. Controllability, without constraints
Torsion-free A
Parametrizability, (Euler-Lagrange
-freeness equations)
Bézout identities, Computation of
Projective Internal stabilizability Lagrange parameters

without integration
Existence of a
parametrization
all stabilizing controllers

Flatness, Poles placement, Youla-Kucera
Free Doubly coprime factorization parametrization
Optimal controller

Oberst, Pommaret, Fliess, Q., ...
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Involutions, adjoints and dual systems

e Definition: A linear map 8 : D — D is an involution of D if:
VP, QeD: (PQ)=0(Q)(P), 6*=id.
e Example: 1. If D is a commutative ring, then 0 = id.
2. An involution of D = A [81;id, 6%1} [On;id, 3%,7} is:
Vae A, 0(a(x))=a(x), 00;)=-9;, i=1,...,n.
3. An involution of D = A [91;id, £][02;6,0] is defined by:
VaeA, ©0(a(t))=a(-t), 6(0)=0;, i=1,2.
e The adjoint of R € D9*P is defined by O(R) = (A(R;))" € DP*9.

o N = D'9/(D'P@(R)) is called the transposed of M.
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Module Homological F injective
M algebra cogenerator
with torsion t(M) =2 exth (N, D) 0

torsion-free

exth(N,D) =0

kerr(R.) = QFh

reflexive

exti (N, D) =0
i=1,2

kerr(R.) = @ Fh
kerz(Q1) = Qo

projective

ext‘AD(N7 D)=0

1<i<n

kerz(R.) = @ Fh
kerz(Q1.) = Q2 Fh
ker]—'(Qn—l-) = Qn ~7:/"

free

Quillen-Suslin theorem
Stafford’s therorem

kerr(R.) = QF'
ITeD*P: TQR=]
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Extension functor ext}( -, D)

e Parametrizability: Ry =0 <;> 3QeDPM: y=Qz.

4 6(P)z=y = Ry=0 L

f I
involution 6 involution 6
i 28

3. 0=Pu <2 OR)A=p 2
Pof(R)=0 = 6(Pof(R)) =6(R)o0(P)
= Ro0(P)=0.

5.0P)z=y <% Ry=0 R eDI*P

exth(N, D) = (D*9 R')/(D**9 R)

6. Using Gb, we can test whether or not exth(N, D) =0



Wind tunnel model (Manitius, IEEE TAC 84)

1. The w.t.m. is defined by the under-determined system:

i+a —kad 0 0 x1(t)
0 B 1 0 () | g
x3(t)
0 w? Oh+2Cw —w? u(t)
2. We compute §(R) = R and define 0(R) A = 1
(01 +a) A\ = pa,
—kady A1+ 01 A2 + w2 A3 = pp, 2)

=X+ (01 +2¢w) A3 = 3,

—w2 )\3 = U4.
(2) is over-determined LY compatibility conditions P u = 0.
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Wind tunnel model (Manitius, IEEE TAC 84)

3. We obtain the compatibility condition P p = 0:
w?kadopy +w? (01— a) po +w? (07 +adr) ps
+ (B +2¢wd + a0 +w?01 +2alwdy + aw?) s = 0.
4. We consider the over-determined system PT z = y.
w2 k 362 Z = X1,
w? (01 — a) z = xa, (4)
w? (02 +a01)z = xs,

P+QRCw+a)d?+ (W +2awl)o +aw)z = u.
1

5. The compatibility conditions of PT z = y are exactly generated
by Ry =0 and (4) is a parametrization of the w.t.m.
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Moving tank (Petit, Rouchon, IEEE TAC 02)

1. The model of a moving tank is defined by:

t
0 —hB a2, n(t)
5 5 y2(t) = 0.
ys(t)
2. We compute §(R) = R and define O(R) A = 1

N+ 0195\ = 1,
—81 822 )\1 — (91 )\2 = M2, (2)
aa% O A1+ 38% Ox Ao = 3.

(2) is over-determined =R compatibility conditions P = 0.
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Moving tank (Petit, Rouchon, IEEE TAC 02)

3. We obtain the compatibility condition P = 0:
38182,U1 — aalazuz — (1 +8§)u3 =0.
4. We consider the over-determined system PT z = y.

a0z =y,
—a0102z = y», (4)
—(1+ 8%)2 = y3.

5. The compatibility conditions of PT z =y are R’y = 0:
11 0 ),
0 (1+8§) —381(92 Y2 -
y3
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Moving tank (Petit, Rouchon, IEEE TAC 02)

t(M) = exth(N,D) =
pD1x2 1 1 0 / pix2 O —0105 adids
0 1402 —adds 8,02 -8 ado

yi+y2 =z,
yi— 1Ry +2ad20,y3=0, =2 0(02—1)z =0.

N3y —Oyr+adidy; =0,

(14+93)y2 —ad1 D ys = 2o,
O1y1— 0105y, +ad?dry3 =0, S 91(05-1)z =0.
003y —O1yr+ad20ry; =0,

=

z1(t) and z(t) are autonomous elements.
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e 2D Stokes equations:

—v (0% + 02) 0 Ox u
0 —v(02+02) 9, v | =0
Ox 0y 0 p

(62 + ) u=0,
= (02+02)2v =0, torsion module
(92 +02)p=0.
e Moving tank (Petit, Rouchon, IEEE TAC 02):
n(t) = ya(t —2h) + ays(t — h) =0,
n(t =2h) = ya(t) + ays(t —h) =0,
z1(t) = ya(t) + ya(t),
= ¢ 2(t) = ya(t) + yo(t —2h) — ay3(t — h), module with torsion
%(1—52)4( )=0,i=1,2.
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Examples: torsion-free modules

e Wind tunnel model (Manitius, IEEE TAC 84):

x1(t) +axi(t) — kax(t —h) =0,

xo(t) — x3(t) =0,

a(t) + w? xo(t) + 2 wxs(t) — w? u(t) =0,

u(t) = z(£)® + (2¢w + a) 2(t) + (W? + 2aw () 2(t) + aw z(¢).
= motion planning and tracking (Fliess et al).

e 2D stress tensor (elasticity theory):

11 _ 52 )
Ox ot + 0,012 =0, 012 Yo _ _
& 0 = —0x0, A\, Airy function \.
Oxol2+0,0%2 =0 Y
ooy =0 o2 = 92\,
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Examples: reflexive modules

e div-curl-grad: V.B=0& B=VAAVAA=0< A=VT.

e First group of Maxwell equations:

0B - - - L 0A -
= ANE=0 __oA
V.B=0, B=VAA
A sv_g A=V,
j)tq . & S
VAA=D, Vi=—5;

e 3D stress tensor: Maxwell, Morera parametrizations. . .

e Linearized Einstein equations (system of PDEs 10 x 10)?

= OREMODULES (Chyzak, Robertz, Q.)

Alban Quadrat New perspectives in algebraic systems theory



Variational problems

e Let us extremize the electromagnetic action

1 2 € =
_ - B 2 =0 E 2 1
/(2% 1B 1% == IE ) dx dxo dxsdt, (1)

where B and E satisfy:
0B . o 0A
E=-VV—-—
ot (3)

ot
V.B=0, B=VAA.
e Substituting (3) in (1) and using Lorentz gauge
= = 1 8\/ 2
V.A-i—;a—oa ¢ =1/(eo po);
1 52A
104 AA=0,
= c? o2 (electromagneti
gnetic waves).

2
19 V—AV:O.

c? ot?
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Projectiveness, observability and controllability

e Theorem: If R € D9%P has full row rank, then the left D-module
M = DY*P/(D¥*9 R) is projective iff:

N = D'9/(DY*P9(R)) =0 < IS € DP*9: RS = I,.

o Let D= A(/)[0;id, %] and R= (I, — A — B) € D™ (rtm),
M = D1><(n+m)/(D1><” R) is projective iff )(R)A =0 < A =0:

ON=—AT )\,
BT A =0,

{ —ON—ATA=0,
BTOXN+BTA=(—BTAT +BT)\=0.

—BTA=0,

Hence, M is projective iff, for all ty € I, we have:
rankg(B|AB—B | A2B+...| A" 1B+ ... |...)(t) = n.

o DYXP /(D9 (P(9) — Q(9)) proj. iff P(9) X(9) =Q() Y(2) = Ig.



Constructive version of the Quillen-Suslin theorem

e Constructive proofs of the Quillen-Suslin theorem exist and one
was implemented by Fabianska in the package QUILLENSUSLIN.

= Computation of bases of free k[xi, ..., x,]-modules.

= Computation of flat outputs of flat systems (Fliess et al).
x1(t) + xi(t) — u(t) =0,

x(t) — x(t — h) — x1(t) + axo(t) = 0,
t) = 2(t) — z(t — h) + a z(1),

= 2(t),

= z(t
u(t) =z(t)+ z(t) — z(t — h) — z(t — h) + az(t) + az(t).

. R / 0
e Completion problem: < T ) ( S Q ) = < 6’ > = Ip.

Ip—q

(Logemann, SCL 87) {

A flat time-delay system is equivalent to the system without delay!

Alban Quadrat New perspectives in algebraic systems theory



Constructive version of Stafford’s theorem

e The time-varying linear control system (Sontag)
x1(t) — tu(t) =0,
xo(t) — ua(t) =0,
is injectively parametrized by (STAFFORD, Robertz, Q.)
x1(t) = 2 z1(t) — t 2(t) + 2(t),
xo(t) = t(t+1)z1(t) — (t + 1) z(t) + 22(2),
Ul(t) = til(t) + 221(t) — fz(t),
w(t) =t(t+1)z1(t) + (2t + 1) z1(t) — (t + 1) 2(t),
and {z1, z} is a basis of the free left A;(Q)-module M as:
z1(t) = (£ + 1) n(t) — wo(2),
2(t) = (t + 1) x1(t) — t xa(t).

e Idem for 01 y1 + 02 yo + O3 y3 + x3 y1 = 0.



Morphisms and transformations

e We consider R' € DY*P', kerr(R'.), M' = D'*P'/(D'*9 R').
How can we send elements of kerz(R’.) to elements of kerz(R.)?

e Theorem: Any element f € homp(M, M') is defined by two
matrices P € DP*P and Q € D9*9 satisfying that:

\RP=QR
e If f € homp(M, M’), then we can define (RP7n' = QR'n/ =0):

f*:kerr(R'.) — kerg(R.)
n — n=Py.

)

e homp(M, M) can be totally (resp., partially) computed if D is a
commutative (resp., non-commutative) polynomial ring.

e endp(M) = homp(M, M) defines the internal symmetries of M.
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Factorization, reduction and decomposition problems

e The knowledge of the ring endp(M) = homp(M, M) and of its
idempotents allows us to constructively study the problems:

Q@ IReD”P RReD™ :R=RR7?

Su S
GHWEGLP(D),VGGLq(D):VRW< Sl 5”)?
22

S 0
@ I W EGLy(D), VEGLy(D): VRW = " &  |?
22

e Basis computations are used for Problems 2 and 3
= OREMODULES, JACOBSON, QUILLENSUSLIN, STAFFORD.

e Algorithms are implemented in OrREMORPHISMS (Cluzeau, Q.).
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Moving tank (Petit, Rouchon, IEEE TAC 02)

11
1 —
U=|1 -1 0 | eGL3(D), V= ( ) ) € GLy(D),
0 0 1
_ B o1 (1—093) 0 0
R=VRU!'= :
( 0 01 (14+03) 20?0,
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Classical systems of PDEs

¢ — k0% — —b
ul T : U1
—an 8t — kax — b2
b
(a1 + b2) n 0

1
2 2«
+b2) 1
0 b —kop— tb) 1
! x 2 2«

U_V_<2a2a (bz—al)a—1>’

2a (bg—al)a—i—l

Oy — k92 —

((21 — b2)2 +4a bl)Oé2 —1=0.

e Wave/Cauchy-Riemann/Dirac/Beltrami egs, electrical line. ..
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Wind tunnel model (Manitius, IEEE TAC 84)

O1+a —kaos 0 0
1% 0 ol -1 0 Ut
0 w? 0L +2¢w —w?
1 0 0 0
= 0 1 0 1 ,

0 0 O1+a —w?kads

w2 O +2¢w —w?

o -1 0 001
U:].O 0 0 , V= 010
1 1 00
0 — 0
w

e Computations obtained by OREMORPHISMS or SERRE (Q.).
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String with an interior mass (Fliess et al, COCV 98)

d1(t) +P1(t) — 2(t) —o(t) =0
*) G1(t) + ¥1(t) + m1 d1(t) — mvr(t) — n2 da2(t) + m2 v2(t) = 0,
¢1(t —2m) +1(t) — u(t — h) =0,
oa(t) + 1/;2(15 2 h2) —v(t—hy)=0.
1 -1 0 o0

01 +m 81 —m =M M 0 0 Ut
0

82 1 0 0 &
0 0 1 & 0 -8
1 0 0 0 0 0
0 1 0 0 0 0
" oo 0 0 o |
0 0 0 Ov+m+mn 2md 2mnds
(%) & z1(t) + (m +1m2) z1(t) + 211 z2(t — h1) + 212 z3(t — h2) = 0.
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String with an interior mass (Fliess et al, COCV 98)

The unimodular matrices U and V are defined by:

1 0 0 1
0 -1 0 0
0 0 1 0
U =
0 -1 -1 1
0 0 0 & #B-1
0 —03 -3 O3
1 0
02 0
V= 2
0 0

02
P
0
0

0

0
0
—03
oS ’
0
03 -1
0 0
-1 0
0 1

B2 O1—m+m)——-—m 1 =O1+m—m 2n

e The computations were obtained by OREMORPHISMS or SERRE.

Alban Quadrat New perspectives in algebraic systems theory



Conclusion

e Based on algebraic analysis, constructive homological algebra
and Ore algebras, we have developed a general non-commutative
polynomial approach to functional linear systems.

e The different results have been implemented in packages:

OREMODULES, JANETORE, OREMORPHISMS, SERRE,
STAFFORD, QUILLENSUSLIN, HOMALG.

This new approach allowed us to:

@ Develop an intrinsic approach (independent of the form).
@ Develop generic algorithms and generic implementations.
© Constructively study certain classes of flat systems.

@ Extend the concepts of primeness, solve conjectures. . .
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